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Exact control of parity-time symmetry in periodically modulated nonlinear optical
couplers
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We propose a mechanism for realization of exact control of parity-time (PT ) symmetry by using
a periodically modulated nonlinear optical coupler with balanced gain and loss. It is shown that for
certain appropriately chosen values of the modulation parameters, we can construct a family of exact
analytical solutions for the two-mode equations describing the dynamics of such nonlinear couplers.
These exact solutions give explicit examples that allow us to precisely manipulate the system from
nonlinearity-induced symmetry breaking to PT symmetry, thus providing an analytical approach
to the all-optical signal control in nonlinear PT -symmetric structures.
PACS numbers: 42.25.Bs, 05.45.-a, 11.30.Er, 42.82.Et
I. INTRODUCTION
Enormous attentions have been attracted to Parity-
time (PT )-symmetric quantum Hamiltonian systems
since the illustration that their eigenvalues can be en-
tirely real, despite the non-Hermitian Hamiltonians[1–
4]. Remarkably, such systems can exhibit a phase
transition (spontaneous PT symmetry breaking) from
the exact to broken-PT phase whenever the gain/loss
parameter exceeds a certain threshold. In the PT -
symmetric phase, the eigenvalues of the Hamiltonian
remain real and the system exhibits periodic oscilla-
tions, while in the PT -broken phase, the eigenvalues
become complex and the respective modes start grow-
ing exponentially. Due to the equivalence between quan-
tum mechanical Schro¨dinger equation and optical wave
equation, the concept of PT -symmetry later spreads
to classical optical systems with non-Hermitian opti-
cal potentials. Through experimental observations of
PT -symmetric optical systems, it has been shown that
such PT -symmetric optical arrangements can exhibit
unique features distinct from conservative systems, due
to non-trivial wave interference and phase-transition ef-
fects, such as loss-induced transparency[5], power unfold-
ing and breaking of the left-right symmetry[6], unidirec-
tional invisibility[7, 8], optical non-reciprocity[9], coher-
ent perfect laser absorbtion[10], and selective mode lasing
in microring resonator systems[11, 12], and so on.
When nonlinearity is introduced, the PT -symmetric
systems operating in the nonlinear regime were predicted
to support additional interesting phenomena, such as
solitons in PT structures[13], nonlinearly induced PT
transition[14], and the all-optical signal control[15–17].
As was demonstrated in the study of directional couplers
with balanced gain and loss[15–17], nonlinear switching
between PT symmetry and symmetry breaking occurs
above a critical nonlinearity strength, which provides a
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feasible means to tailor beam shaping. Among the ex-
tensive exploration hitherto of physics of PT -symmetric
Hamiltonians, all experiments and most of the theoret-
ical activities have been devoted to static (i.e., time-
independent) potentials, and only very recently growing
attentions are paid to research on PT symmetry of time-
dependent Hamiltonians[18]-[24]. Even so, up to now
studies of time-dependent PT -symmetric systems with
nonlinearity are still rare. Despite some isolated suc-
cesses in the development of analytical exact solution to
the driven Hermitian systems with nonlinearity[25–27], it
remains elusive and very challenging to make analytical
solution of the time-dependent PT -symmetric systems
with nonlinearity .
In this paper, we study the effect of periodic modula-
tion on nonlinear systems with parity-time (PT ) symme-
try. By use of the appropriate harmonic parameters, we
derive a family of exact solutions for the two-mode equa-
tion describing the dynamics of periodically modulated
nonlinear couplers with balanced gain and loss. These
exact solutions associated with simple modulation forms
give explicit examples that enable us to analytically con-
trol the transition from nonlinearity-induced symmetry
breaking to PT symmetry. In addition, these exact solu-
tions can give explicit illustration of PT -symmetry anal-
ysis for the periodically modulated nonlinear system with
a linear PT -symmetric part.
II. EXACT ANALYTICAL SOLUTIONS AND
STABILITY ANALYSIS
A. Model and PT -symmetry properties
We consider the simplest possible arrangement which
consists of two coupled PT -symmetric waveguides with
Kerr nonlinearity and with the linear refractive index
periodically modulated along the propagation direction.
Under coupled-mode theory, the two modal field ampli-
2tudes are governed by the evolution equations:
i
dψ1
dz
= iγψ1 + a(z)ψ1 − χ|ψ1|2ψ1 + vψ2,
i
dψ2
dz
= −iγψ2 + b(z)ψ2 − χ|ψ2|2ψ2 + vψ1
(1)
with v being the interchannel coupling strength, γ the
gain or loss strength, χ the nonlinearity strength and the
harmonic modulation being
a(z) = f cos(ωz + ϕ1),
b(z) = −f cos(ωz + ϕ2). (2)
Here ψ1 and ψ2 represent respectively field amplitudes
in the first and the second waveguides, ϕ1,2 denote the
phases of two harmonics, ω the modulation frequency,
and f the modulation amplitude.
Throughout our paper, the dimensionless propagation
distance z is normalized in unit of a reference coupling
length Lc, and propagation constant as well as all other
scaled parameters γ, f, ω, v are in units of L−1c , with Lc
representing the shortest length for the light switching
from one waveguide to the other without nonlinearity.
For instance, the reference coupling length can be se-
lected as the one in experiment[6] where Lc ≈ 0.863cm.
In our discussion, what is essential is the ratios between
these parameters γ, f, ω, v.
FIG. 1: (color online) Schematic drawing of a Kerr nonlinear
PT -symmetric coupler. The periodic change of color along
the z axis denotes the periodic modulation of the linear refrac-
tive index. One waveguide experiences gain while the other
loss.
Proceeding to the analysis of dynamics of the system
(1), it is instructive to identify symmetry property of
the model equation. For this purpose, we separate the
Hamiltonian corresponding to the system (1) into the
linear part and the nonlinear part
H = HL(z) +HNL(ψ(z)),
HL(z) =
(
iγ + a(z) v
v −iγ + b(z)
)
,
HNL(ψ(z)) =
( −χ|ψ1|2 0
0 −χ|ψ2|2
)
, (3)
where ψ(z) = (ψ1(z), ψ2(z))
T (hereafter the superscript
T stands for the matrix transpose) is the two-component
vector obeying this system.
Applying the PT operator to both sides of equation
(1), where parity operator corresponds to the exchange
of the two basis states, P : ψ1 ↔ ψ2, and time operator
defines the reversal of propagation direction, T : i →
−i, z → −z, we observe that
PT [i∂zψ(z0+)] = PT {[HL(z0+) +HNL(ψ(z0+))]ψ(z0+)},
i∂z[PT ψ(z0+)] = PT HL(z0+)ψ(z0+)
+HNL(PT ψ(z0+))PT ψ(z0+), (4)
where z0± := z0 ± z is defined for arbitrary constant
z0. If the linear time-dependent part HL(z) is PT sym-
metric, PT HL(z0+) = HL(z0+)PT , which requires the
modulation obeying the relation
a(z0+) = b(z0−), (5)
then Eq. (4) becomes
i∂z[PT ψ(z0+)] = HL(z0+)PT ψ(z0+)
+HNL(PT ψ(z0+))PT ψ(z0+).(6)
By comparison of equation (6) with its original equa-
tion, it is apparent that ψ(z0+) and PT ψ(z0+) satisfy
the same evolution equation. It also follows that the
coupled-mode equation (1) and the associated Hamilto-
nian remain invariant if
PT ψ(z0+) = eiξψ(z0+), (7)
where ξ is real. The condition (7) guarantees that
|ψ1(z0−)| = |ψ2(z0+)|. (8)
Actually, the requirements (7) and (8) are met automat-
ically as long as we choose
|ψ1(z0)| = |ψ2(z0)|. (9)
Hence, this condition (9) is in line with the demand of
PT symmetry for the nonlinear part. The reasoning
for derivation of (7) and (8) from (9) is given as fol-
lows. If ψ(z0+) is a solution of Eq. (1), then e
iξψ(z0+)
and PT ψ(z0+) are also solution of Eq. (1). Suppose
that PT ψ(z0) = eiξψ(z0), which can be achieved by
setting |ψ1(z0)| = |ψ2(z0)| with an appropriately cho-
sen value of phase ξ. It follows that (7) and (8) hold,
since eiξψ(z0+) and PT ψ(z0+) satisfy the same evolution
equation. When the conditions (5) and (9) are satisfied
simultaneously, the Hamiltonian (3) for such a period-
ically modulated nonlinear coupler with balanced gain
and loss is invariant under the combined action of parity
operator P and time operator T . Therefore, for the sys-
tem (1) to be PT symmetric, the linear time-dependent
part HL(z) must be PT symmetric, which demands that
the condition (5) be satisfied and the gain and loss coef-
ficient be taken equal, as well as the nonlinear part fulfill
the condition (9) at the same z0. However, for our model,
the conditions (5) and (9) are not sufficient for the PT
symmetry to be unbroken. The PT symmetry is said
3to be unbroken if and only if there exist PT -invariant
Floquet eigenstates with real quasienergies.
In considering the propagation of a light wave with
electric field E(x, z) along the z axis in a nonlinear
setup, the complex refractive index (playing the role of
an optical potential) of the Kerr-type medium is writ-
ten as n(x, z) = nR(x, z) + inI(x) − n2|E(x, z)|2 , where
n2 is the nonlinear refractive index. In our case, we
only consider an Hermitian driving, that is, nI does
not depend on time (z). For the system to be sym-
metric, n(x, z) must be symmetric with respect to com-
bined action of the parity P and time-reversal T op-
erators, i.e., n∗(−x, z0 − z) = n(x, z0 + z) for arbi-
trary constant z0, which demands that nR(−x, z0−) =
nR(x, z0+), nI(−x) = −nI(x), |E(−x, z0)| = |E(x, z0)|.
As we can see, the imaginary part still must be an odd
function of position, as is common for the linearly equiv-
alent PT -symmetric system. For the non-driven limit
(periodic driving is turned off) of nonlinear model that
we are discussing, PT symmetry requires that the in-
tensity distribution possesses spacetime-reflection sym-
metry, apart from the linear PT -symmetry prerequisites
(the symmetric real part and the antisymmetric imag-
inary part of the linear index of refraction), since the
nonlinearity has to be regarded as a contribution to the
optical potential[28, 29].
B. Exact Floquet solutions
The nonlinear PT -symmetric coupler was introduced
in Refs.[15–17], where the interplay between PT sym-
metry with nonlinear effects was discussed through the
symmetry analysis as well as construction of exact ana-
lytical solution describing the nonlinear dynamics. When
the periodic modulation is added, the situation is com-
plicated and finding exact analytical solutions for such a
problem becomes extremely hard. However, here we will
show that a family of exact analytical solutions exists if
given with certain suitably chosen values of the modula-
tion parameters. The exact analytical solution of Eq. (1)
can be explicitly written as
ψ1(z) = e
−i[ω
2
−χ(|C1|
2+|C2|
2)]z(C1e
iϑ − C2e−iϑ+iωz),
ψ2(z) = e
−i[ω
2
−χ(|C1|
2+|C2|
2)]z(C1 + C2e
iωz), (10)
in the case of γ < v, that is, the values of gain and loss co-
efficient below the linear PT -symmetry-breaking thresh-
old, by adjusting the modulation parameters to satisfy
the following conditions
f = −2χ|C1||C2|, (11)
ω = 2v cosϑ, (12)
ϕ1 = −2ϑ+ (β2 − β1), (13)
ϕ2 = β2 − β1, (14)
sinϑ = γ/v, (15)
cosϑ =
√
1− (γ/v)2, (16)
where C1 and C2 are constants dependent on initial con-
ditions ψ1,2(0),
C1 = |C1|eiβ1 = ψ1(0) + ψ2(0)e
−iϑ
2 cosϑ
, (17)
C2 = |C2|eiβ2 = −ψ1(0) + ψ2(0)e
iϑ
2 cosϑ
. (18)
According to the Floquet theorem, this solution is a
special kind of nonlinear Floquet state in the form of
(ψ1(z), ψ2(z))
T = Φ(z)e−iεz = (Φ1(z),Φ2(z))
T e−iεz ,
where the Floquet eigenmodes Φ(z) are periodic with
the modulation period Λ = 2pi/ω and the corresponding
quasienergy ε = ω/2 − χ(|C1|2 + |C2|2). From Eq. (10)
it can be observed that the exact solution is periodic be-
cause the corresponding quasienergy is entirely real de-
spite a non-Hermitian Hamiltonian. The exact solutions
of Eq. (10) can be directly proved by substituting them
into Eq. (1) with the help of Eqs. (11)-(18).
It can also be easily verified that this exact solution
obeys the following relation[30, 31]
a(z)− χ|ψ1|2 = b(z)− χ|ψ2|2 = −χ(|C1|2 + |C2|2),(19)
which indicates that the optical nonlinear effect is bal-
anced by the external modulation. Under the balanced
condition (19), equation (1) is reduced to the linear
Schro¨dinger equation
i
dψ1
dz
= iγψ1 − χ(|C1|2 + |C2|2)ψ1 + vψ2,
i
dψ2
dz
= −iγψ2 − χ(|C1|2 + |C2|2)ψ2 + vψ1.
(20)
The exact Floquet solution (10) can be obtained with
assumption that a solution to the system (1) containing
undetermined modulation parameters obeys the balance
condition (19) and linear equation (20) simultaneously.
It should be noted that our exact solutions can be con-
structed only in the linear unbroken PT -symmetric phase
(γ < v). At the exceptional point (γ = v) or in the bro-
ken PT -symmetric phase (γ > v), the solution of linear
equation (20) is unbounded such that the mode inten-
sity can not balance the harmonic (periodic) modulation
and the preestablished condition (19) not be satisfied,
indicating that the method we use in constructing exact
analytical solutions is not applicable in these regimes.
At present, it is still very challenging for us to find stable
nonlinear Floquet eigenmodes with real quasienergies in
the domains of broken PT symmetry (γ > v). This open
problem deserves further study.
As is demonstrated in Refs. [15–17], for the unmodu-
lated nonlinear coupler with balanced gain and loss, if the
nonlinearity strength χ is small, the beam evolution will
show periodic oscillation (PT -symmetric phase), whereas
above a critical nonlinearity strength, nonlinearity will
lead to symmetry-breaking and exponential growth of
4beam power. When the harmonic modulation parame-
ters are appropriately chosen to satisfy conditions (11)-
(18), it is possible to move the system to periodic state
(10) for arbitrary value of nonlinearity strength.
Let us take a closer look at the properties of Flo-
quet states. The Floquet theorem tells us that if the
Hamiltonian (3) depends periodically on time (z), there
exists a set of Floquet solutions to the time-dependent
Schro¨dinger equation (1). However, if the quasi-energy
is complex, the nonlinear part of Hamiltonian HNL will
not be periodic with the mode intensities either exponen-
tially increasing or decaying, showing no existence of such
a Floquet solution with complex quasi-energy. Substitut-
ing the Floquet solution ψ(z) = Φ(z)e−iεz into Eq. (1),
we obtain the following eigenvalue equation[32]
[H(z)− i∂z]Φ(z) = εΦ(z), (21)
H(z) = HL(z) +HNL(Φ(z)),
where Im(ε) = 0 is required for the existence of nonlin-
ear Floquet eigenmodes, and HNL(ψ(z)) = HNL(Φ(z))
is utilized, thanks to the phase invariance of nonlinearity.
The operator H := H(z) − i∂z is the so-called Floquet
Hamiltonian in the extended Hilbert space [32] and Φ(z)
is called Floquet eigenstate (eigenmode). For the eigen-
value problem, the z (time) periodicity of the Floquet
Hamiltonian, H(z + 2pi/ω) = H(z), is required for en-
suring that Φ(z + 2pi/ω) = Φ(z). Acting with PT on
Eq. (21), we have
PT {[H(z0+)− i∂z]Φ(z0+)} = PT [εΦ(z0+)],
{HL(z0+) +HNL(PT Φ(z0+))− i∂z}PT Φ(z0+)
= εPT Φ(z0+),
(22)
where (5) and [HL(z0+),PT ] = 0 are used. For
non-degenerate real eigenvalues, (22) requires that the
Floquet eigenstate is PT -symmetric, PTΦ(z0+) =
eiδΦ(z0+), where δ is real, because Φ(z0+) and
PT Φ(z0+) obey the same eigenvalue equation. In such
case, the Floquet Hamiltonian operator H and the PT
operator share the same eigenmode. As a matter of fact,
occurrence of PT -symmetric eigenstate with real eigen-
value (unbroken PT symmetry) is the most striking fea-
ture of PT symmetry. When we vary the system pa-
rameters, the eigenvalue equation (21) itself may possess
physically distinct eigenmodes Φ(z0+) and PT Φ(z0+)
corresponding to pairwise complex quasienergies ε and
ε∗, which can be viewed as a manifestation of PT sym-
metry breaking[14]. Though the system (1) has un-
bounded solution due to PT symmetry breaking, we
emphasize again that such broken PT -symmetric Flo-
quet eigenstates with complex quasienergies do not oc-
cur in the considered system. This is in full analogy to
the fact that there exist only stationary nonlinear modes
with real eigenvalues for the corresponding unmodulated
system[33, 34].
We can readily check that our exact Floquet eigen-
states in Eq. (10) are PT -invariant (up to trivial phase
shift), that is, for z0 = [(2k + 1)pi − ϕ2 − ϕ1]/(2ω) =
[(2k + 1)pi + 2ϑ− 2(β2 − β1)]/(4v cosϑ) with k being in-
teger,
PTΦ(z0+) = PT
(
C1e
iϑ − C2e−iϑ+iω(z0+z)
C1 + C2e
iω(z0+z)
)
= e−i(2β1+ϑ)Φ(z0+). (23)
It is also observed that for a given exact solution (10),
the conditions (5) and (9) for the Hamiltonian to be PT
symmetric are naturally satisfied.
Eqs. (10)-(18) comprise the central result of this pa-
per. Every harmonic modulation (2) satisfying Eqs. (11)-
(18) will generate an explicit example that allows for ex-
actly controlling PT symmetry transition. We will now
demonstrate this by taking several specific cases as ex-
amples.
Case 1: We first consider the exact control of PT sym-
metry where the system is excited at either channel 1
or channel 2. Applying the initial condition ψ1(0) =
1, ψ2(0) = 0 to Eqs. (17) and (18), and utilizing (11)-
(16), we give the explicit form of harmonic modulations
as follows
a(z) =
χ cos(2v cosϑz − 2ϑ)
2 cos2 ϑ
,
b(z) = −χ cos(2v cosϑz)
2 cos2 ϑ
. (24)
Given initial input beam ψ1(0) = 1, ψ2(0) = 0, we thus
determine the shape of harmonic modulation, given by
Eq. (24), for which the system (1) can be exactly solved.
Under such circumstance, the light intensities at the first
and the second waveguides exactly read as
|ψ1(z)|2 = 1
2 cos2 ϑ
+
cos(2v cosϑz − 2ϑ)
2 cos2 ϑ
,
|ψ2(z)|2 = 1
2 cos2 ϑ
− cos(2v cosϑz)
2 cos2 ϑ
. (25)
For the exact solution (25) associated with the initial
condition ψ1(0) = 1, ψ2(0) = 0, it is easily verified that
at z0 = [(2k + 1)pi + 2ϑ]/(4v cosϑ), the relations (5) and
(9) hold, i.e.,
a(z0 + z) = b(z0 − z) = (−1)
kχ sin(ϑ− 2v cosϑz)
2 cos2 ϑ
,
|ψ1(z0)|2 = |ψ2(z0)|2 = 1
2 cos2 ϑ
+
(−1)k sinϑ
2 cos2 ϑ
. (26)
Since the time evolution of the total light intensity, I =
|ψ1|2 + |ψ2|2, is determined by
dI
dz
= 2γ(|ψ1(z)|2 − |ψ2(z)|2), (27)
we conclude that dI/dz|z=z0 = 0, and thus the to-
tal intensity reaches the maxima or minima at z0 =
[(2k + 1)pi + 2ϑ]/(4v cosϑ) with k being integer.
5For another set of initial values ψ1(0) = 0, ψ2(0) =
1, Eqs. (11)-(18) ) give the explicit form of harmonic
modulations
a(z) = −χ cos(2v cosϑz)
2 cos2 ϑ
,
b(z) =
χ cos(2v cosϑz + 2ϑ)
2 cos2 ϑ
. (28)
The shape of modulation (28), associated with the initial
input ψ1(0) = 0, ψ2(0) = 1, produces the exact analytical
distributions of light as
|ψ1(z)|2 = 1
2 cos2 ϑ
− cos(2v cosϑz)
2 cos2 ϑ
,
|ψ2(z)|2 = 1
2 cos2 ϑ
+
cos(2v cosϑz + 2ϑ)
2 cos2 ϑ
. (29)
Similarly, for the exact solution (29), we can prove that
at z0 = [(2k + 1)pi − 2ϑ]/(4v cosϑ) with k being integer,
the PT symmetry requirement (5) and (9) are also met,
i.e.,
a(z0 + z) = b(z0 − z) = (−1)
k+1χ sin(ϑ− 2v cosϑz)
2 cos2 ϑ
,
|ψ1(z0)|2 = |ψ2(z0)|2 = 1
2 cos2 ϑ
+
(−1)k+1 sinϑ
2 cos2 ϑ
. (30)
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FIG. 2: (color online) Beam dynamics of the coupled-mode
equation (1) for two different initial conditions: (a)-(b)
ψ1(0) = 1, ψ2(0) = 0 and (c)-(d) ψ1(0) = 0, ψ2(0) = 1. (a)
and (c) are for the no-modulation case; (b) and (d) are for the
case with modulation. Shown here are the numerical results of
intensity I1 = |ψ1|2 in the first waveguide (blue dashed line),
I2 = |ψ1|2 in the second waveguide (black dash-dotted line),
and the total intensity I = I1 + I2 (red solid line). The open
circles denote the exact analytical results of the total intensity.
The system parameters are chosen as v = 1, γ = 0.6, χ = 1.2,
and the modulation parameters for (b) and (d) are given by
Eq. (24) and Eq. (28), respectively.
We present in Fig. 2 two examples of exact control
of transition between symmetry breaking and PT sym-
metry with controlled harmonic modulations. In our
simulation, the numerical solutions of the coupled-mode
equation (1) are obtained with the use of Runge-Kutta
method. Figs. 2(a)-(b) show the intensity evolution for
the initial state ψ1(0) = 1, ψ2(0) = 0. For the no-
modulation case [Fig. 2(a)], where the system parameters
are given by v = 1, γ = 0.6, χ = 1.2, f = 0, we observe
that the total intensity exhibits exponential growth with
light concentrating in the waveguide with gain, corre-
sponding to a nonlinearly induced symmetry breaking.
Fig. 2(b) indicates completely different dynamics, where
the light periodically oscillates when the Eq. (24)-obeying
periodic modulation is applied, which indicates a PT
symmetric state. Likewise, Figs. 2(c)-(d) represent the
exact control from nonlinearity-induced symmetry break-
ing [Fig. 2(c)] to PT symmetry [Fig. 2(d)] for another
initial state ψ1(0) = 0, ψ2(0) = 1 by performing the har-
monic modulation in the form of Eq. (28). As is appar-
ent in Fig. 2, the modulations employed for exact control
of PT symmetry are distinct and light evolution is ob-
viously non-reciprocal by exchanging the input channel
from 1 to 2. We have compared the analytical (circles)
with the numerical (red solid lines) results in Figs. 2 (b)
and (d). The agreement is almost perfect.
Case 2: We now turn to the case of ψ1(0) = ψ2(0) =
1/
√
2 and consider −∞ < z < +∞, which was discussed
in Ref. [17]. Take our harmonic modulation as
a(z) = −χ sinϑ cos(2v cosϑz − ϑ+
pi
2 )
2 cos2 ϑ
,
b(z) =
χ sinϑ cos(2v cosϑz + ϑ+ pi2 )
2 cos2 ϑ
. (31)
For the initial condition ψ1(0) = ψ2(0) = 1/
√
2, the ana-
lytical distribution of light intensity corresponding to the
modulation (31) is
|ψ1(z)|2 = 1
2 cos2 ϑ
+
sinϑ sin(2v cosϑz − ϑ)
2 cos2 ϑ
,
|ψ2(z)|2 = 1
2 cos2 ϑ
− sinϑ sin(2v cosϑz + ϑ)
2 cos2 ϑ
. (32)
Reported in Fig. 3 is the beam dynamics associated
with the initial condition ψ1(0) = ψ2(0) = 1/
√
2. As
above, system parameters are fixed as v = 1, γ =
0.6, χ = 1.2, where the unmodulated system lies in the
region of symmetry breaking with nonlinear switching.
In fact, this result is confirmed by numerical simulations
in Figs. 3 (a) and (c), where the output beam leaves
the sample from the waveguide with gain and the to-
tal intensity increases without bound. In contrast, when
the harmonic modulation (31) is turned on, the peri-
odic intensity oscillations are observed in Figs. 3 (b) and
(d). Another nontrivial observation is that the dynam-
ics starting from ψ1(0) = ψ2(0) = 1/
√
2 in positive (+z)
and negative (−z) directions is exactly equivalent, upon
exchanging the two channels labeled by 1 and 2.
6−2 0 2
0
2
4
I
−4 −2 0 2 4
0
1
2
−2 0 2
1
2
 
z
 
x
−4 −2 0 2 4
1
2
z
(a) (b)
(c) (d)
FIG. 3: (color online) Numerical solution of the coupled equa-
tions (1) describing the nonlinear PT -symmetric system with
the initial condition ψ1(0) = ψ2(0) = 1/
√
2. (a) and (c) are
for the case with no modulation; (b) and (d) are for the case
with modulation (31). (a)-(b) Dependencies of intensity on
propagation distance z in the first (blue dashed line) and sec-
ond (black dash-dotted line) waveguides; the solid line shows
the total intensity. (c) and (d) give visualization of the inten-
sity evolution along the propagation direction. In all plots,
v = 1, γ = 0.6, the nonlinearity strength χ = 1.2, and the
modulation parameters are given by Eq. (31).
C. Stability analysis
In this subsection, the stability of these exact solutions
will be discussed. For this purpose we first define the
renormalized wave function with components
φ1(z) =
ψ1(z)√
I
, φ2(z) =
ψ2(z)√
I
. (33)
The dynamics of system (1) thus can be expressed in
terms of the renormalized wave function
i
dφ1
dz
= iγ(1− κ)φ1 + a(z)φ1 − χI|φ1|2φ1 + vφ2,
i
dφ2
dz
= −iγ(1 + κ)φ2 + b(z)φ2 − χI|φ2|2φ2 + vφ1,
(34)
with κ = |φ1|2 − |φ2|2. This dynamics by definition con-
serves the normalization |φ1|2 + |φ2|2 = 1. It will be
convenient to define three real components of a Bloch
vector with respect to the renormalized wave function
Sx =
φ∗1φ2 + φ1φ
∗
2
2
,
Sy =
φ∗1φ2 − φ1φ∗2
2i
,
Sz =
|φ1|2 − |φ2|2
2
. (35)
In this representation, we obtain the generalized Bloch
equations of motion from (34) as
S˙x = [b(z)− a(z)]Sy − 4γSxSz + 2χISySz ,
S˙y = [a(z)− b(z)]Sx − 2vSz − 2χISxSz − 4γSySz ,
S˙z = γ + 2vSy − 4γS2z . (36)
These Bloch equations conserve S2x + S
2
y + S
2
z = 1/4,
which means that the evolutions of variables Sx, Sy and
Sz are confined to the Bloch sphere. Besides, the total
intensity I evolves as
I˙ = 4γISz. (37)
If we consider a small perturbation (δSx, δSy, δSz, δI)
from the exact solution, a linearized equation is found
for the perturbations
˙δSx = −4γSzδSx + [−a(z) + b(z) + 2χISz]δSy
−(4γSx − 2χISy)δSz + 2χSySzδI,
˙δSy = [a(z)− b(z)− 2χISz]δSx − 4γSzδSy
−(2ν + 2χISx + 4γSy)δSz − 2χSxSzδI,
˙δSz = 2νδSy − 8γSzδSz ,
δ˙I = 4γIδSz + 4γSzδI. (38)
Eq. (38) constitutes a set of linear differential equa-
tions with periodic coefficients, which admit solutions
of the form V (z) = eλzu(z), where λ is often called
quasienergy and u(z) is the Floquet function periodic
with the period of the coefficients in equation (38).
These exact solutions are linearly stable if and only
if there is no quasienergy with a positive real part.
To find the quasienergies we adopt the numerical tech-
nique similar to that given in Ref. [35]. We first nu-
merically integrate the linear differential equation 38
from z = 0 to Λ = 2pi/ω with the initial condi-
tions [1, 0, 0, 0]T , [0, 1, 0, 0]T , [0, 0, 1, 0]T , [0, 0, 0, 1]T to ob-
tain the results [Uj,1, Uj,2, Uj,3, Uj,4]
T , j = 1, 2, 3, 4, re-
spectively. The resulting matrix U is the time evolution
operator of Eq. (38) over one modulation period. Given
that the Floquet functions u(z) are eigenstates of U with
eigenvalues exp(λΛ), the quasienergies of the linear equa-
tion (38) are numerically computed by direct diagonal-
ization of U .
In Figs. (4) (a)-(b), we exhibits the numerically ob-
tained quasienergies λ of the linearized equations related
to the two exact solutions shown in Figs. 2 (b) and (d).
These two exact solutions, one of which corresponds to
the initial condition ψ1(0) = 1, ψ2(0) = 0 and the other
to ψ1(0) = 0, ψ2(0) = 1, are dynamically stable, because
their linearized equations have no quasienergy with a pos-
itive real part. In fact, all the quasiengies displayed in
Figs. 4 (a) and (b) have Re(λ) = 0, in which case the
perturbations are purely oscillating. To double check the
stability results, we calculate the difference between the
exact solution without perturbations and the numerical
one with initial random noise, which is characterized by
a dynamical fidelity
F (z) =
1
N |ψ
∗
1,numψ1,ex + ψ
∗
2,numψ2,ex|2 (39)
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FIG. 4: (color online) (a)-(b) Quasienergies λ of the linearized
equation (38) corresponding to two different exact solutions.
(a) and (b) are for the quasienergies λ associated with two
exact solutions shown in Figs. 2 (b) and (d), respectively.
(c)-(d) the evolutions of the fidelity between the exact so-
lution and the numerical solution. Here, (c) represents the
fidelity between the exact solution shown in Fig. 2 (b) and its
corresponding numerical solution with initial random noise.
(d) denotes the fidelity between the exact solution shown in
Fig. 2 (d) and the numerical one with initial random noise.
with normalization function defined as
N = (|ψ1,num|2 + |ψ2,num|2)(|ψ1,ex|2 + |ψ2,ex|2). (40)
Here, the functions ψ1,num and ψ2,num denote the two
modal field amplitudes of numerical solutions of system
(1) with initial perturbation added to the exact solution,
ψ1,ex and ψ2,ex the two components of exact solution,
and superscript ∗ the complex conjugate. The normal-
ization function ensures that 0 ≤ F (z) ≤ 1. The fi-
delity F (z) is a measure of the similarity between the
exact solution and the numerical solution: when F = 1,
the two solutions are the same; when F = 0, they have
no similarity. We present the evolutions of the fidelity
between the exact solution and the numerical solution
for two cases, as shown in Fig. 4(c)-(d) . In Fig. 4(c),
the exact solution is same as in Fig. 2 (b), where the
harmonic modulation is given by (24) and the initial
state is ψ1(0) = 1, ψ2(0) = 0; the numerical solution
is obtained through integration of Eq. (1) with the same
modulations and parameters as those in Fig. 2 (b) ex-
cept for random perturbations added to the initial state
ψ1(0) = 1, ψ2(0) = 0. In Fig. 4(d), the exact solution
corresponds to the one shown in Fig. 2 (d); the nu-
merical solution is obtained via integration of Eq. (1)
in the presence of random perturbations to the initial
state ψ1(0) = 0, ψ2(0) = 1 for the same modulations and
parameters as those in Fig. 2 (d). As clearly seen in
Fig. 4(c)-(d), for both cases, the fidelities F (z) perfectly
remain unity, which confirms that the two exact solu-
tions shown in Figs. 2 (b) and (d) are stable against the
numerical perturbation. Moreover, our numerical results
(not displayed here) show that all the exact solutions as-
sociated with the initial conditions ψ1(0) = 1, ψ2(0) = 0
and ψ1(0) = 0, ψ2(0) = 1 are stable for the system pa-
rameters γ/v in the range of 0 ≤ γ/v < 1.
III. CONCLUSION
In conclusion, we have studied analytically the effect of
periodic modulation on PT -symmetry of nonlinear direc-
tional waveguide couplers with balanced gain and loss. A
class of explicit analytical solution for the coupled-mode
equation describing the dynamics of such nonlinear cou-
plers has been constructed, which gives unlimited num-
ber of examples for analytical demonstration of the exact
control of PT -symmetry transition. With suitably cho-
sen parameters of harmonic modulation, we can exactly
control the system from nonlinearity-induced symmetry
breaking to PT -symmetry, which provides an analytical
approach to tailor beam shaping and switching in non-
linear PT -symmetric lattices. The technique used here
to get the exactly solvable control fields can be applied
in other physical contexts such as Bose-Einstein conden-
sates in a PT -symmetric double well.
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